The non-hydrostatic, quasigeostrophic approximation for rapidly rotating RayleighBénard convection admits a class of exact 'single mode' solutions. These solutions correspond to steady laminar convection with a separable structure consisting of a horizontal planform characterized by a single wavenumber multiplied by a vertical amplitude profile, with the latter given as the solution of a nonlinear boundary value problem. The heat transport associated with these solutions is studied in the regime of strong thermal forcing (large reduced Rayleigh number Ra). It is shown that the Nusselt number Nu, a nondimensional measure of the efficiency of heat transport by convection, for this class of solutions is bounded below by Nu Ra 3/2 , independent of the Prandtl number, in the limit of large reduced Rayleigh number. Matching upper bounds include only logarithmic corrections, showing the accuracy of the estimate.
I. INTRODUCTION
Thermal fluid convection influenced by rotation occurs in planetary and stellar atmospheres and in the Earth's molten core. Rayleigh-Bénard convection is an idealized setting for the exploration of convection; it consists of a layer of fluid between cold top and hot bottom boundaries held at constant temperature. The efficiency of convection is measured by the Nusselt number Nu, which is the ratio of the total heat transport to the transport that would be affected by conduction alone. In the presence of rotation about a vertical axis, the dynamics are governed by three nondimensional numbers, the Rayleigh, Ekman, and Prandtl numbers
The kinematic viscosity is ν, κ is the thermal diffusivity, g is the rate of gravitational acceleration, H is the distance between the top and bottom boundaries, Ω is the system rotation rate, α T is the thermal expansion coefficient, and ∆T is the magnitude of the temperature difference between the boundaries. The Taylor number T a = E −2 is sometimes used in place of the Ekman number.
System rotation can have a profound impact on the fluid dynamics, e.g. by shutting off convection for sufficiently fast rotation at fixed thermal forcing. The critical Rayleigh number for the onset of convection increases as Ra ∼ E −4/3 , and the wavenumber of the most unstable mode increases as k ∼ E −1/3 ; the linear stability properties of rotating RayleighBénard convection are summarized in Refs. 1 and 2.
Inspired by the scaling of the linear instability, reduced non-hydrostatic quasigeostrophic equations (NHQGE) for thermal convection, equations (1.a-d) below, were derived in Ref. 3 .
The NHQGE are derived in the limit of small Ekman numbers with the Rayleigh number scaled to Ra = RaE 4/3 ; the horizontal length scales are also scaled with the Ekman number as L = E 1/3 H where H is the depth of the layer. The NHQGE have been also been generalized to situations where the axis of rotation does not align with gravity 4 .
In the context of Rayleigh-Bénard convection the NHQGE admit exact 'single mode'
solutions that have provided a useful point of comparison for simulations of the turbulent dynamics 3,5-7 . The solutions consist of a separable ansatz, equation (2) The asymptotic behavior of these solutions at large Rayleigh numbers is studied here.
Upper and lower bounds on the Nusselt number are derived, showing that the asymptotic behavior of the Nusselt number for this class of solutions is at least as large as Ra 3/2 .
For a value of k independent of Ra, the Nusselt number is asymptotically bounded by Ra Nu Ra ln( RaNu) (omitting constants dependent on k for clarity). Faster growth is achieved by allowing the wavenumber k to grow with Ra. Preliminaries, lower, and upper bounds are presented in the following sections, followed by some numerical solutions, and finally by further discussion of the results in the last section.
II. PRELIMINARIES
The non-hydrostatic quasigeostrophic equations for rotating Rayleigh Bénard convection are 3,5
Boundary conditions at z = 0 and 1 are w = θ = ∂ z ψ = 0, and
The vertical velocity is w, ζ is the vertical component of vorticity and is related to the geostrophic streamfunction ψ for the horizontal velocities by ∇ denotes an average over the horizontal coordinates and the fast time t. The system can be written with only one time coordinate by replacing ∂ τ = E −2/3 ∂ t , but this is not necessary for the following.
Equations for infinite Prandlt number convection 5 may be derived by rescaling time such
The result is
These have the same form as the σ = 1 equations without the inertial terms. The same result is reached by first taking the infinite Prandtl number limit of the Boussinesq equations and then taking the non-hydrostatic quasigeostrophic limit.
There are exact steady solutions, at any Rayleigh and Prandtl number, that have the
where h(x, y) is called the 'planform' and satisfies ∇ 
The dependence on Prandtl number σ can be removed by the rescaling W → W/σ and Ψ → Ψ/σ; the resulting equations also apply to the infinite Prandtl number model. For the remainder of the discussion the notation is simplified by setting σ = 1 without loss of generality.
The vertical structure equations may be condensed into the following nonlinear boundary value eigenvalue problem
Note that the mean temperature profile can be recovered by integrating
These are exactly the same vertical structure equations derived in Ref. 12 for approximate solutions of the rotating Boussinesq equations at large Rayleigh and small Ekman numbers.
Numerical solutions of these equations for various k and Ra can be found in a variety of references [5] [6] [7] 12 , and in section IV below.
In the following it will be convenient to define
Multiplying (4) by W ′ (z) results in an exact differential, which integrates as follows dW dz
Note that at
There are two solution branches, positive and negative. Solutions must ascend one branch until the vertical velocity reaches a maximum W = W m where W ′ = 0, and then switch branches to return back to W = 0. This switching can happen several times over the interval z ∈ [0, 1]; such solutions are analogous to the infinitesimal solutions near the onset of convection (dT /dz = −1) which have the form W (z) ∼ sin(nπz). Using the new notation,
where
Note that f (W ) attains a maximum at W = W * which satisfies
Thus far the equations admit the trivial solution W = 0, Nu = 1 at any value of γ and k.
The trivial solution can be ruled out by requiring W to reach a nonzero maximum W m > 0.
In particular, a solution that ascends from the boundary to reach a peak at mid layer must
This integral will not converge for W m ≥ W * , so W * is an upper bound for W m . Extension to solutions that oscillate across the layer is straightforward, replacing the right hand side by 1/(2n) where n is the number of oscillations. The vertical symmetry of these solutions resutls from the Boussinesq approximation; the structure would presumably lose vertical symmetry under an anelastic approximation.
Note that the equation for the Nusselt number (5) can be written as an integral against dW as follows
The behavior of these solutions at large Ra is investigated in the next section. For a solution that oscillates n times between the boundaries the above equation is simply multiplied by n, implying that the Nusselt number for such solutions is smaller than for solutions with a single rise and fall between the boundaries.
Equations (9) and (10) do not guarantee the existence of nontrivial single mode solutions; rather, they describe properties of such solutions if they exist.
III. ASYMPTOTICS A. Bounds on k
Multiplying equation (4) by W and integrating gives
Using the Poincaré inequality and the fact that RaNu ≥ Ra the above constraint also implies the following
This implies that there are no nontrivial solutions at any k for Ra below a critical value of
. The first value of k that allows solutions as Ra is increased past critical is k c = π 1/3 2 −1/6 ≈ 1.3048. For any given k there are no solutions for
For supercritical Ra there is a finite interval where solutions can exist; for large Ra the interval has the form k ∈ (π Ra 
B. Bounds on W
Make the following change of variable: W = kv. Then
and the condition that W reaches its maximum at mid layer, equation (9), becomes
The condition W m < W * implies
which allows the integral to converge.
First note that v m must go to infinity as γ → ∞, which can be proven by a reductio argument as follows. Suppose that v m remains bounded but γ → ∞. Furthermore, consider k ∼ γ α for −1/2 < α < 1/4, compatible with the foregoing bounds on k. Then the RHS of equation (14) grows to infinity, while the left hand side remains bounded. Thus, v m cannot be bounded above as γ → ∞. Note that this does not guarantee the existence of solutions;
rather, if nontrivial solutions exist for k ∼ γ α with −1/2 < α < 1/4 then they must have
Now the integral (14) can be used to develop a lower bound for v m . The radicand of the denominator can be bounded as follows The resulting bound on the integral is
This implies
Consider the case where k = Kγ α , with −1/2 < α < 1/4 (because of the known bounds on
For α = 0 this bound asymptotically pinches the upper bound, giving v 2 m ∼ γ, but for other α the precise rate of increase of v m with γ is not known. It is noted in Ref. 5 that equation (6) implies that, for fixed k, the mean temperature gradient at mid layer scales as Ra −1 , i.e. an isothermal interior develops at large Rayleigh numbers. The above bound only substantiates this result at fixed k.
C. Lower Bounds on Nu
The Nusselt number satisfies equation (19) . This can be bounded using the following lower bound to the radicand of the denominator of (19), which is valid for sufficiently large
The resulting integral can be evaluated exactly, but is a bit messy. In the limit γ, v m → ∞ the bound reduces to
The bound (15) implies that 1 > ∆ > 0. The resulting asymptotic lower bound on the Nusselt number is
Clearly the bound increases with increasing k. Allowing k to vary with γ according to k = Kγ α yields the bound
Recall that there are no solutions for k ∼ Ra β with β < −1/2 or β > 1/4; in such cases the assumption of v m → ∞ that was used to derive the lower bound (21) The maximum lower bound that results for the single mode solutions is thus
This result assumes the existence of nontrivial solutions for k = K Ra 1/4 , and provides a lower bound on their heat transport if they do exist. It has already been shown that solutions do not exist for K > 1.
D. Upper Bounds on Nu
Upper bounds on the Nusselt number for these solutions can be obtained using the following upper bound to the radicand in the denominator of (19), valid for large v m
The resulting integral can again be evaluated explicitly, leading to
Inserting the known bounds on v m (i.e. equations (15) and (18)) and using the fact that v m → ∞ to cancel factors in the numerator and denominator leads to
Allowing k to vary as k = Kγ α leads to an upper bound on the Nusselt number for variable k. The first term on the right hand side is clearly dominant, leading to the bound
These upper bounds add logarithmic corrections to the lower bounds derived above. The lower bounds on Nu derived above show that the highest possible value for α is 1/10, since nontrivial solutions cannot exist for higher α.
IV. NUMERICAL SOLUTIONS
This section briefly presents some numerical solutions of the single mode equation (4) .
The focus is on the relationship between Ra and Nu; for the vertical structure of solutions see Refs. 5, 12, and 13.
The equation is solved using Matlab's boundary-value solver bvp5c for specified k and γ, and Ra and Nu are then backed out from the solution using equation (5). Solutions are found was also found to be optimal in numerical studies of the unreduced Boussinesq system using a variational upper-bound approach 14, 15 .
Rigorous upper bound theory for convection [16] [17] [18] has difficulty with rotating RayleighBénard convection because the methods typically rely on energy integrals, which are not affected by rotation. Progress can be made using these methods at infinite Prandtl number since the velocities become slaved to the temperature through a linear operator that includes the effect of rotation. give way to turbulent convection of the type simulated in Refs. 5 and 7; they are therefore unable to confirm or deny these conjectured power laws.
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